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I The LHC target luminosity is 3000 fb−1, this will reduce the

experimental uncertainty
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MOTIVATIONS

I The LHC target luminosity is 3000 fb−1, this will reduce the

experimental uncertainty

I Beginning of transition from observation to precise

measurement has just started

I Differential cross section means flexibility for phenomenology

(e.g. compute decays)

I Crucial to providing precise predictions to test and find new

physics!

I Check stabilization of the perturbative expansion of the

rapidity distribution, as for the inclusive N3LO .
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MOTIVATIONS

Hard challenge!

I Differential translate in more variables, this becomes a

challenge when manipulating analytic expressions

I Simple reduction to master integrals will fail. The Coefficients

of the reductions become massive.

I Need to use new techniques compared to the inclusive at the

same order.
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PRODUCTION CHANNELS

ggF VH

88.2% 4.1%

VBF ttH

6.8% 0.9%
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INFINITE TOP MASS

The process that we are looking at is the Higgs production via

gluon fusion, computed in the infinite top mass limit.

Effective theory:

EFT−−→
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INFINITE TOP MASS

The process that we are looking at is the Higgs production via

gluon fusion, computed in the infinite top mass limit.

Effective theory:

EFT−−→

I Remove one loop!

I Good approximation: δNNLOt ∼ 0.7%

I To be combined with mass corrections, EWK corrections,

etc...
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HIGGS DIFFERENTIAL

We want to compute the differential cross section for the Higgs

production:

The real radiation is integrated out, we are left with the partonic

Higgs-differential x-section:

d2σ̂ij→H+X

dYdp2T
∼

∫
dφn

∣∣Mij→H+X

∣∣2
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HIGGS DIFFERENTIAL

We want to compute the differential cross section for the Higgs

production:

The real radiation is integrated out, we are left with the partonic

Higgs-differential x-section:

dσ̂ij→H+X

dY
=

∫
dp2T

d2σ̂ij→H+X

dYdp2T

Rap
idity

Dis
trib

utio
n
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RAPIDITY DISTRIBUTION

The general form of the rapidity distribution can be written as:

dσPP→H+X

dY
= σ̂0

∑
ij

∫ 1

0
dx1dx2dy1dy2fi(y1)fj(y2)δ(τ−x1x2y1y2)

× δ

(
Y − 1

2
log

(
x1y1

x2y2

))
ηij(x1, x2),

Where we define the partonic cross section

ηij(x1, x2) =

3∑
k=0

(αS

π

)k
η
(k)
ij (x1, x2).
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INTERFERENCES

Many contributions to be considered:

VVV + Born: RRR + RRR:

VVR + R: VRR + RR:

. . .
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ROAD TO COMPUTATION

One of the standard tools to be used to resize the magnitude of

the problem is to identify by means of Integration By Part (IBP)

identities a set of Master integrals to span the space of the scalar

integrals that appear in the computation:

F
(
sij, ε

)
= ci

(
sij, ε

)
Mi

(
sij, ε

)
I ci: Coefficient that depends on the external kinematics

together with the dimensional regulator ε.

Rational Functions

I Mi: Master integrals (i.e. scalar integrals) that depend on the

external kinematics together with the dimensional regulator.

Special Functions (Multiple Polylogarithms, Elliptic

Functions,...)
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IBP

We can reduce the Integrals to be computed to Master Integrals

through the Laporta algorithm. However, it’s not that simple.

Differential means more variables in the final answer:

I Symbolic reduction using Laporta Algorithm: FAST

I Algebraic evaluation of the reduction coefficients: SLOW
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IBP

Reduction coefficients are stored in trees:

c14,−

c13,+

c3,+

c1,−/

z 1

m

c12,÷

c10,−

c8,×

w m

z

c6,+

c5,×

z z

c4,−/

1 m

c11,÷

c9,−/

1 w

c7,+

c2,−

d 2

c3,+

c1,−/

z 1

m
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IBP

We can reduce the Integrals to be computed to Master Integrals

through the Laporta algorithm. However, it’s not that simple.

Differential means more variables in the final answer:

I Symbolic reduction using Laporta Algorithm: FAST

I Algebraic evaluation of the reduction coefficients: SLOW

Solution: Evaluate the coefficients numericallys and then infer

from these evaluations the analytic expression.

11/34



RATIONAL FUNCTION RECONSTRUCTION

With enough evaluations, it’s always possible to understand the

structure of any rational function.

f(t) :=
p(t)

q(t)
, rank(p) = rn, rank(q) = rd.

With n = 2max{rn, rd}+ 1 evaluations we can reconstruct the

function above by means of Thiele’s interpolation formula:

p(t)

q(t)
= a1 +

(t − t1)

a2 +
(t − t2)

a3 +
(t − t3)

a4 + · · ·
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MULTI-VARIABLE FUNCTIONS

There is no general way to reconstruct a rational function with

more than one variable because of non-trivial singularities and

accidental cancellations.

It’s possible if we assume the following canonical form:

f(x1, ..., xN) =

∑rn
p=0 apx

αp

1 +
∑rd

q=1 bqx
βq
,

xαp :=

N∏
i=1

x
αi
p

i , αp := {α1
p, ..., α

N
p }, |αp| = p.
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MULTI-VARIABLE FUNCTIONS

Algorithm (sketch):

1 Pick a set of random points {x01, ..., x0N} where f(x0) is not
singular

2 Rescale them by t and reconstruct g(t) := f(t · x01, ..., t · x0N)

3 Now the coefficients ap and bq are polynomial in

{x1, ..., xN} evaluated at {x01, ..., x0N}

4 Repeat point 1 and 2 to obtain enough evaluations to

reconstruct the polynomial functions ap and bq.
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EXAMPLE
Let’s try to reconstruct the function: f(x, y) := x+y

1+x
.

I We do the reconstruction for (x0, y0) = (1, 1) by evaluating
f(tx0, ty0) for t = 1, 2, 3. The solution is: f(tx0, ty0) =

2t
1+t

I We pick a new set of points (x1, y1) = (1, 2) and we evaluate

f(tx1, ty1) for t = 1, 2, 3. The solution is: f(tx1, ty1) =
3t
1+t

I We now know that our final answer looks like:

f(tx, ty) :=
c(x, y)t

1 + d(x, y)t

where c(x, y) and d(x, y) are homogeneous functions in x

and y. From the two reconstructions we have:

c(1, 1) = 2
c(1, 2) = 3

}
⇒ c(x, y) = x + y,

d(1, 1) = 1
d(1, 2) = 1

}
⇒ d(x, y) = x.
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PROBLEMS

In order to be able to recover the structure of the

rational(polynomial) functions we need to work over rational

numbers of arbitrary precision.

→ Numbers in intermediate steps are BIG
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→ Numbers in intermediate steps are BIG

Having to deal with such numbers will slow down the

computation and combined with the massive number of

evaluation needed for the 4-variable reconstruction leads to
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PROBLEMS
In order to be able to recover the structure of the

rational(polynomial) functions we need to work over rational

numbers of arbitrary precision.

→ Numbers in intermediate steps are BIG

Having to deal with such numbers will slow down the

computation and combined with the massive number of

evaluation needed for the 4-variable reconstruction leads to

unmanageable computing times.

Another dead end?

NO.

Still possible to evaluate in short time if we

work with machine size integers!
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FINITE FIELD

I Well known techniques that are just waiting to be used:

→ CRT (Sun Tsu, 3rd-century ad )

→ RR (Wang, 1981-1982)

I Becoming more and more popular in high energy physics

since their first applications. [A. von Manteuffel and R. M. Schabinger ’15]

[T. Peraro ’15]

I Easily parallelizable

I Great improvement in performances especially because the

final answer contains relatively small numbers.
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FINITE FIELD

I Well known techniques that are just waiting to be used:

→ CRT (Sun Tsu, 3rd-century ad )

→ RR (Wang, 1981-1982)

I Becoming more and more popular in high energy physics

since their first applications. [A. von Manteuffel and R. M. Schabinger ’15]

[T. Peraro ’15]

I Easily parallelizable

I Great improvement in performances especially because the

final answer contains relatively small numbers.

e.g: If the coefficients are of machine size (32bits) we require

just three evaluations:

m1 = 5817113, m2 = 4869863, m3 = 2015177
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RATIONAL RECONSTRUCTION

a
b ∈ Q

(u1, u2, ..., ur ) ∈
Zm1 × Zm2 × ...×
Zmr

u ∈ Zm,
m = m1m2...mr

CRT
Chinese Remainder
Theorem

RR
Rational
Reconstruction

× r
+ −

18/34



RATIONAL RECONSTRUCTION

a
b ∈ Q

(u1, u2, ..., ur ) ∈
Zm1 × Zm2 × ...×
Zmr

u ∈ Zm,
m = m1m2...mr

CRT
Chinese Remainder
Theorem

RR
Rational
Reconstruction

× r
+ −

Solve in Zm1

18/34



RATIONAL RECONSTRUCTION

a
b ∈ Q

(u1, u2, ..., ur ) ∈
Zm1 × Zm2 × ...×
Zmr

u ∈ Zm,
m = m1m2...mr

CRT
Chinese Remainder
Theorem

RR
Rational
Reconstruction

× r
+ −

Solve in Zm2

18/34



RATIONAL RECONSTRUCTION

a
b ∈ Q

(u1, u2, ..., ur ) ∈
Zm1 × Zm2 × ...×
Zmr

u ∈ Zm,
m = m1m2...mr

CRT
Chinese Remainder
Theorem

RR
Rational
Reconstruction

× r
+ −

Solve in Zmr

18/34



RATIONAL RECONSTRUCTION

a
b ∈ Q

(u1, u2, ..., ur ) ∈
Zm1 × Zm2 × ...×
Zmr

u ∈ Zm,
m = m1m2...mr

CRT
Chinese Remainder
Theorem

RR
Rational
Reconstruction

× r
+ −

18/34



RATIONAL RECONSTRUCTION

a
b ∈ Q

(u1, u2, ..., ur ) ∈
Zm1 × Zm2 × ...×
Zmr

u ∈ Zm,
m = m1m2...mr

CRT
Chinese Remainder
Theorem

RR
Rational
Reconstruction

× r
+ −

18/34



RATIONAL RECONSTRUCTION

a
b ∈ Q

(u1, u2, ..., ur ) ∈
Zm1 × Zm2 × ...×
Zmr

u ∈ Zm,
m = m1m2...mr

CRT
Chinese Remainder
Theorem

RR
Rational
Reconstruction

× r
+ −

m > 2max{a2, b2}
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RATIONAL RECONSTRUCTION

4149817891...331287391
312778916...81273865

(u1, u2, ..., ur ) ∈
Zm1 × Zm2 × ...×
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Theorem
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EXAMPLE

Reconstructed expression with ∼ 100′000 non-zero coefficients

(−96z2m4+4z3m3+ 1210
3 z3m4− 664

3 z3m5− 64
3 z4m3−604z4m4+606z4m5−104z4m6+ 289

6 z5m3+ 800
3 z5m4−398z5m5+106z5m6+72z5m7− 299

6 z6m3+ 941
3 z6m4− 836

3 z6m5+132z6m6− 194
3 z6m7+ 152

3 z6m8− 2
3z

7m3−546z7m4+ 1073
2 z7m5− 580

3 z7m6−22z7m7+32z7m8+ 181
3 z8m3+ 1087

3 z8m4− 735
2 z8m5+ 245

3 z8m6+ 8
3z

8m7− 391
6 z9m3−101z9m4+ 287

2 z9m5− 67
3 z9m6+ 59

2 z10m3−4z10m4− 41
2 z10m5−5z11m3+5z11m4+160d1z2m4− 22

3 d1z3m3− 2015
3 d1z3m4+ 1114

3 d1z3m5+ 229
6 d1z4m3+ 3004

3 d1z4m4− 3049
3 d1z4m5+ 550

3 d1z4m6− 997
12 d1z5m3− 861

2 d1z5m4+ 1991
3 d1z5m5− 577

3 d1z5m6− 322
3 d1z5m7+ 977

12 d1z6m3− 3211
6 d1z6m4+ 951

2 d1z6m5− 662
3 d1z6m6+ 305

3 d1z6m7− 238
3 d1z6m8+ 20

3 d1z7m3+ 2722
3 d1z7m4− 10835

12 d1z7m5+ 1975
6 d1z7m6+ 89

3 d1z7m7− 152
3 d1z7m8− 313

3 d1z8m3− 3557
6 d1z8m4+ 7337

12 d1z8m5− 275
2 d1z8m6−5d1z8m7+

1307
12 d1z9m3+ 487

3 d1z9m4− 943
4 d1z9m5+38d1z9m6− 583

12 d1z10m3+ 22
3 d1z10m4+ 397

12 d1z10m5+ 49
6 d1z11m3− 49

6 d1z11m4− 314
3 d2z2m4+ 21

4 d2z3m3+ 10537
24 d2z3m4− 489

2 d2z3m5− 107
4 d2z4m3− 7819

12 d2z4m4+ 16057
24 d2z4m5− 253

2 d2z4m6+ 5405
96 d2z5m3+ 3269

12 d2z5m4− 10429
24 d2z5m5+ 1089

8 d2z5m6+ 371
6 d2z5m7− 5015

96 d2z6m3+ 17201
48 d2z6m4− 1909

6 d2z6m5+ 579
4 d2z6m6− 1501

24 d2z6m7+ 97
2 d2z6m8− 193

24 d2z7m3− 14203
24 d2z7m4+ 19085

32 d2z7m5− 1319
6 d2z7m6− 353

24 d2z7m7+ 94
3 d2z7m8+ 3397

48 d2z8m3+ 18259
48 d2z8m4− 38329

96 d2z8m5+ 4361
48 d2z8m6+ 11

3 d2z8m7− 6859
96 d2z9m3− 4903

48 d2z9m4+ 14585
96 d2z9m5− 1219

48 d2z9m6+ 3013
96 d2z10m3− 21

4 d2z10m4− 669
32 d2z10m5− 251

48 d2z11m3+ 251
48 d2z11m4+ 101

3 d3z2m4− 11
6 d3z3m3− 1129

8 d3z3m4+ 633
8 d3z3m5+ 881

96 d3z4m3+ 5005
24 d3z4m4− 433

2 d3z4m5+ 1025
24 d3z4m6− 75

4 d3z5m3− 2713
32 d3z5m4+ 3359

24 d3z5m5−
1127
24 d3z5m6− 415

24 d3z5m7+ 1585
96 d3z6m3− 5657

48 d3z6m4+ 3343
32 d3z6m5− 140

3 d3z6m6+ 227
12 d3z6m7− 349

24 d3z6m8+ 179
48 d3z7m3+ 3037

16 d3z7m4− 9293
48 d3z7m5+ 6919

96 d3z7m6+ 13
4 d3z7m7− 19

2 d3z7m8− 2261
96 d3z8m3− 5761

48 d3z8m4+ 3077
24 d3z8m5− 59

2 d3z8m6− 21
16d

3z8m7+ 553
24 d3z9m3+ 3031

96 d3z9m4− 2311
48 d3z9m5+ 267

32 d3z9m6− 319
32 d3z10m3+ 11

6 d3z10m4+ 623
96 d3z10m5+ 79

48d
3z11m3− 79

48d
3z11m4− 16

3 d4z2m4+ 5
16d

4z3m3+ 715
32 d4z3m4− 605

48 d4z3m5− 37
24d

4z4m3− 3157
96 d4z4m4+ 3311

96 d4z4m5− 113
16 d4z4m6+ 393

128d
4z5m3+ 1249

96 d4z5m4− 533
24 d4z5m5+ 253

32 d4z5m6+ 113
48 d4z5m7− 989

384d
4z6m3+ 3659

192 d4z6m4− 809
48 d4z6m5+ 237

32 d4z6m6− 271
96 d4z6m7+ 103

48 d4z6m8− 73
96d

4z7m3− 2879
96 d4z7m4+ 3959

128 d4z7m5− 1115
96 d4z7m6− 7

24d
4z7m7+ 17

12d
4z7m8+ 739

192d
4z8m3+ 3583

192 d4z8m4− 7787
384 d4z8m5+ 905

192d
4z8m6+ 11

48d
4z8m7− 1405

384 d4z9m3− 923
192d

4z9m4+ 2887
384 d4z9m5−

259
192d

4z9m6+ 599
384d

4z10m3− 5
16d

4z10m4− 127
128d

4z10m5− 49
192d

4z11m3+ 49
192d

4z11m4+ 1
3d

5z2m4− 1
48d

5z3m3− 67
48d

5z3m4+ 19
24d

5z3m5+ 13
128d

5z4m3+ 131
64 d5z4m4− 13

6 d5z4m5+ 11
24d

5z4m6− 19
96d

5z5m3− 101
128d

5z5m4+ 89
64d

5z5m5− 25
48d

5z5m6− 1
8d

5z5m7+ 61
384d

5z6m3− 233
192d

5z6m4+ 137
128d

5z6m5− 89
192d

5z6m6+ 1
6d

5z6m7− 1
8d

5z6m8+ 11
192d

5z7m3+ 359
192d

5z7m4− 187
96 d5z7m5+ 283

384d
5z7m6+ 1

192d
5z7m7− 1

12d
5z7m8− 95

384d
5z8m3− 55

48d
5z8m4+ 81

64d
5z8m5− 19

64d
5z8m6− 1

64d
5z8m7+ 11

48d
5z9m3+ 37

128d
5z9m4− 89

192d
5z9m5+ 11

128d
5z9m6− 37

384d
5z10m3+ 1

48d
5z10m4+ 23

384d
5z10m5+ 1

64d
5z11m3− 1

64d
5z11m4+96t1z1m4+110t1z2m3− 3202

3 t1z2m4+ 1088
3 t1z2m5−17t1z3m2− 3835

6 t1z3m3+ 10000
3 t1z3m4−2226t1z3m5+ 1040

3 t1z3m6+ 1793
12 t1z4m2+ 9085

6 t1z4m3− 28135
6 t1z4m4+ 6799

2 t1z4m5−790t1z4m6− 704
3 t1z4m7− 2917

6 t1z5m2− 18697
12 t1z5m3+

12473
4 t1z5m4− 3013

3 t1z5m5−657t1z5m6+694t1z5m7− 704
3 t1z5m8+ 18269

24 t1z6m2−22t1z6m3+ 1705
6 t1z6m4− 7825

6 t1z6m5+ 9287
6 t1z6m6− 2591

6 t1z6m7+ 304
3 t1z6m8− 4443

8 t1z7m2+ 9215
6 t1z7m3− 9301

3 t1z7m4+ 6511
4 t1z7m5− 1421

4 t1z7m6− 1811
6 t1z7m7+168t1z7m8+ 647

12 t1z8m2− 14639
12 t1z8m3+ 76427

24 t1z8m4− 4751
3 t1z8m5− 451

12 t1z8m6+ 451
6 t1z8m7+ 2285

12 t1z9m2+ 2087
12 t1z9m3− 10367

8 t1z9m4+ 10483
12 t1z9m5− 341

12 t1z9m6− 2911
24 t1z10m2+ 305

2 t1z10m3+ 903
8 t1z10m4− 436

3 t1z10m5+ 209
8 t1z11m2− 97

2 t1z11m3+ 189
8 t1z11m4− 5

4 t
1z12m2+ 5

4 t
1z12m3−160t1d1z1m4− 1105

6 t1d1z2m3+1777t1d1z2m4−612t1d1z2m5+ 365
12 t1d1z3m2+ 8587

8 t1d1z3m3− 11093
2 t1d1z3m4+ 11227

3 t1d1z3m5−608t1d1z3m6− 12449
48 t1d1z4m2− 20365

8 t1d1z4m3+ 187285
24 t1d1z4m4− 137281

24 t1d1z4m5+ 4237
3 t1d1z4m6+ 1028

3 t1d1z4m7+ 2491
3 t1d1z5m2+ 125855

48 t1d1z5m3−
249421

48 t1d1z5m4+ 6831
4 t1d1z5m5+ 4027

4 t1d1z5m6− 3221
3 t1d1z5m7+368t1d1z5m8− 123659

96 t1d1z6m2+ 505
24 t1d1z6m3− 3697

8 t1d1z6m4+ 26171
12 t1d1z6m5− 20619

8 t1d1z6m6+ 17179
24 t1d1z6m7−158t1d1z6m8+ 89927

96 t1d1z7m2− 30607
12 t1d1z7m3+ 41139

8 t1d1z7m4− 131167
48 t1d1z7m5+ 28951

48 t1d1z7m6+ 11401
24 t1d1z7m7−268t1d1z7m8− 1537

16 t1d1z8m2+ 97627
48 t1d1z8m3− 506341

96 t1d1z8m4+ 31775
12 t1d1z8m5+ 3061

48 t1d1z8m6− 1091
8 t1d1z8m7− 5019

16 t1d1z9m2− 4837
16 t1d1z9m3+ 68565

32 t1d1z9m4− 69643
48 t1d1z9m5+ 909

16 t1d1z9m6+ 19361
96 t1d1z10m2− 5863

24 t1d1z10m3− 18163
96 t1d1z10m4+ 710

3 t1d1z10m5− 4253
96 t1d1z11m2+ 1897

24 t1d1z11m3− 1187
32 t1d1z11m4+ 113

48 t1d1z12m2− 113
48 t1d1z12m3+ 314

3 t1d2z1m4+ 727
6 t1d2z2m3− 27869

24 t1d2z2m4+ 1216
3 t1d2z2m5− 171

8 t1d2z3m2− 34033
48 t1d2z3m3+ 28983

8 t1d2z3m4− 59263
24 t1d2z3m5+ 1253

3 t1d2z3m6+ 8503
48 t1d2z4m2+

80857
48 t1d2z4m3− 244865

48 t1d2z4m4+ 15113
4 t1d2z4m5− 23677

24 t1d2z4m6−192t1d2z4m7− 53593
96 t1d2z5m2− 166841

96 t1d2z5m3+ 327227
96 t1d2z5m4− 4577

4 t1d2z5m5− 4805
8 t1d2z5m6+ 5183

8 t1d2z5m7− 676
3 t1d2z5m8+ 164789

192 t1d2z6m2− 41
32 t

1d2z6m3+ 13727
48 t1d2z6m4− 45587
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6 t3d1z3m3− 2567545

48 t3d1z3m4+ 111113
6 t3d1z3m5− 74141

24 t3d1z3m6− 9073
3 t3d1z3m7+ 1864

3 t3d1z3m8− 79
12 t

3d1z4+ 43455
32 t3d1z4m1− 197245

96 t3d1z4m2− 840355
16 t3d1z4m3+ 3829661

48 t3d1z4m4− 756611
48 t3d1z4m5− 129985

8 t3d1z4m6+ 130693
12 t3d1z4m7− 9100

3 t3d1z4m8+ 1639
32 t3d1z5− 165197

48 t3d1z5m1+ 213437
24 t3d1z5m2+ 1960483

96 t3d1z5m3− 2697007
48 t3d1z5m4+ 59743

3 t3d1z5m5+ 444131
24 t3d1z5m6− 104659

12 t3d1z5m7+ 3880
3 t3d1z5m8−

15401
96 t3d1z6+ 208393

48 t3d1z6m1− 648709
48 t3d1z6m2+ 1462439

48 t3d1z6m3− 653753
48 t3d1z6m4− 793885

48 t3d1z6m5+ 92141
12 t3d1z6m6− 11203

2 t3d1z6m7+ 5836
3 t3d1z6m8+ 12629

48 t3d1z7− 29459
12 t3d1z7m1+ 33835

4 t3d1z7m2− 1302613
32 t3d1z7m3+ 1700743

32 t3d1z7m4− 141097
16 t3d1z7m5− 437467

48 t3d1z7m6+ 46709
12 t3d1z7m7− 1784

3 t3d1z7m8− 2885
12 t3d1z8− 7

32 t
3d1z8m1+ 1925

3 t3d1z8m2+ 764017
48 t3d1z8m3− 533389

16 t3d1z8m4+ 1449475
96 t3d1z8m5+ 13573

48 t3d1z8m6− 543
4 t3d1z8m7+ 11057

96 t3d1z9+ 6659
12 t3d1z9m1− 117509

32 t3d1z9m2+ 37631
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24 t3d3z7m2− 3200237

384 t3d3z7m3+ 1372575
128 t3d3z7m4− 354865

192 t3d3z7m5− 371549
192 t3d3z7m6+ 40991

48 t3d3z7m7−117t3d3z7m8− 13487
192 t3d3z8+ 8795

128 t3d3z8m1− 33683
192 t3d3z8m2+ 337015

96 t3d3z8m3−
1303487

192 t3d3z8m4+ 394457
128 t3d3z8m5+ 8711

192 t3d3z8m6− 615
16 t3d3z8m7+ 4407

128 t3d3z9+ 3089
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6 t10d3z5m7+ 135
8 t10d3z5m8+ 33

8 t10d3z6m2− 165
8 t10d3z6m3+ 165

4 t10d3z6m4− 165
4 t10d3z6m5+ 165

8 t10d3z6m6− 33
8 t10d3z6m7− 5

12 t
10d4m5+ 5

3 t
10d4m6− 5

2 t
10d4m7+ 5

3 t
10d4m8− 5

12 t
10d4m9− 31

48 t
10d4z1m4+ 37

12 t
10d4z1m5− 151

24 t10d4z1m6+ 29
4 t10d4z1m7− 247

48 t10d4z1m8+ 13
6 t10d4z1m9− 5

12 t
10d4z1m10+ 11

8 t10d4z2m3− 45
8 t10d4z2m4+ 409

48 t10d4z2m5− 21
4 t10d4z2m6+ 1

6 t
10d4z2m7+ 31

24 t
10d4z2m8− 9

16 t
10d4z2m9+ 1

12 t
10d4z2m10− 19

64 t
10d4z3m2+ 1

16 t
10d4z3m3+ 455

96 t10d4z3m4− 179
12 t10d4z3m5+ 4207

192 t10d4z3m6− 113
6 t10d4z3m7+ 485

48 t10d4z3m8− 157
48 t10d4z3m9+ 1

2 t
10d4z3m10+ 9

32 t
10d4z4m2−

179
64 t10d4z4m3+ 35

4 t10d4z4m4− 409
32 t10d4z4m5+ 311

32 t10d4z4m6− 251
64 t10d4z4m7+ 7

8 t
10d4z4m8− 1

8 t
10d4z4m9+ 19

64 t
10d4z5m2− 5

64 t
10d4z5m3− 121

32 t10d4z5m4+ 319
32 t10d4z5m5− 697

64 t10d4z5m6+ 359
64 t10d4z5m7− 9

8 t
10d4z5m8− 9

32 t
10d4z6m2+ 45

32 t
10d4z6m3− 45

16 t
10d4z6m4+ 45

16 t
10d4z6m5− 45

32 t
10d4z6m6+ 9

32 t
10d4z6m7− 32

3 t11m5+ 128
3 t11m6−64t11m7+ 128

3 t11m8− 32
3 t11m9− 32

3 t11z1m4+ 128
3 t11z1m5− 224

3 t11z1m6+ 256
3 t11z1m7− 224

3 t11z1m8+ 128
3 t11z1m9− 32

3 t11z1m10+ 110
3 t11z2m3− 440

3 t11z2m4+220t11z2m5− 472
3 t11z2m6+ 238

3 t11z2m7−64t11z2m8+ 128
3 t11z2m9− 32

3 t11z2m10− 25
3 t11z3m2+ 100

3 t11z3m3− 8
3 t

11z3m4− 500
3 t11z3m5+ 955

3 t11z3m6− 760
3 t11z3m7+90t11z3m8− 32

3 t11z3m9−45t11z4m3+ 650
3 t11z4m4− 1250

3 t11z4m5+400t11z4m6− 575
3 t11z4m7+ 110

3 t11z4m8+ 25
3 t11z5m2− 125

3 t11z5m3+ 250
3 t11z5m4− 250

3 t11z5m5+
125
3 t11z5m6− 25

3 t11z5m7+ 40
3 t11d1m5− 160

3 t11d1m6+80t11d1m7− 160
3 t11d1m8+ 40

3 t11d1m9+ 22
3 t11d1z1m4− 88

3 t11d1z1m5+ 172
3 t11d1z1m6− 248

3 t11d1z1m7+ 262
3 t11d1z1m8− 160

3 t11d1z1m9+ 40
3 t11d1z1m10− 118

3 t11d1z2m3+ 472
3 t11d1z2m4−242t11d1z2m5+ 584

3 t11d1z2m6− 386
3 t11d1z2m7+104t11d1z2m8− 178

3 t11d1z2m9+ 40
3 t11d1z2m10+ 55

6 t11d1z3m2− 110
3 t11d1z3m3+ 25

3 t11d1z3m4+ 472
3 t11d1z3m5− 1801

6 t11d1z3m6+ 692
3 t11d1z3m7−76t11d1z3m8+ 22

3 t11d1z3m9+ 97
2 t11d1z4m3− 700

3 t11d1z4m4+ 1345
3 t11d1z4m5−430t11d1z4m6+ 1235

6 t11d1z4m7− 118
3 t11d1z4m8− 55

6 t11d1z5m2+ 275
6 t11d1z5m3− 275

3 t11d1z5m4+ 275
3 t11d1z5m5− 275

6 t11d1z5m6+ 55
6 t11d1z5m7−6t11d2m5+24t11d2m6−36t11d2m7+24t11d2m8−6t11d2m9− 4

3 t
11d2z1m4+ 16

3 t11d2z1m5−14t11d2z1m6+ 88
3 t11d2z1m7− 112

3 t11d2z1m8+24t11d2z1m9−6t11d2z1m10+
379
24 t11d2z2m3− 379

6 t11d2z2m4+ 1193
12 t11d2z2m5− 527

6 t11d2z2m6+ 1627
24 t11d2z2m7− 164

3 t11d2z2m8+ 86
3 t11d2z2m9−6t11d2z2m10− 181

48 t11d2z3m2+ 181
12 t11d2z3m3− 11

2 t11d2z3m4− 219
4 t11d2z3m5+ 1669

16 t11d2z3m6− 153
2 t11d2z3m7+ 539

24 t11d2z3m8− 4
3 t

11d2z3m9− 313
16 t11d2z4m3+ 2257

24 t11d2z4m4− 4333
24 t11d2z4m5+173t11d2z4m6− 3971

48 t11d2z4m7+ 379
24 t11d2z4m8+ 181

48 t11d2z5m2− 905
48 t11d2z5m3+ 905

24 t11d2z5m4− 905
24 t11d2z5m5+ 905

48 t11d2z5m6− 181
48 t11d2z5m7+ 7

6 t
11d3m5− 14

3 t11d3m6+7t11d3m7− 14
3 t11d3m8+ 7

6 t
11d3m9− 1

24 t
11d3z1m4+ 1

6 t
11d3z1m5+ 11

12 t
11d3z1m6− 9

2 t
11d3z1m7+ 167

24 t11d3z1m8− 14
3 t11d3z1m9+ 7

6 t
11d3z1m10− 45

16 t
11d3z2m3+ 45

4 t11d3z2m4− 217
12 t11d3z2m5+ 69

4 t11d3z2m6− 707
48 t11d3z2m7+ 71

6 t11d3z2m8− 47
8 t11d3z2m9+ 7

6 t
11d3z2m10+ 11

16 t
11d3z3m2− 11

4 t11d3z3m3+ 65
48 t

11d3z3m4+ 199
24 t11d3z3m5− 757

48 t11d3z3m6+
65
6 t11d3z3m7− 125

48 t11d3z3m8− 1
24 t

11d3z3m9+ 7
2 t

11d3z4m3− 269
16 t11d3z4m4+ 129

4 t11d3z4m5− 247
8 t11d3z4m6+ 59

4 t11d3z4m7− 45
16 t

11d3z4m8− 11
16 t

11d3z5m2+ 55
16 t

11d3z5m3− 55
8 t11d3z5m4+ 55

8 t11d3z5m5− 55
16 t

11d3z5m6+ 11
16 t

11d3z5m7− 1
12 t

11d4m5+ 1
3 t

11d4m6− 1
2 t

11d4m7+ 1
3 t

11d4m8− 1
12 t

11d4m9+ 1
48 t

11d4z1m4− 1
12 t

11d4z1m5+ 1
24 t

11d4z1m6+ 1
4 t

11d4z1m7− 23
48 t

11d4z1m8+ 1
3 t

11d4z1m9− 1
12 t

11d4z1m10+ 3
16 t

11d4z2m3− 3
4 t

11d4z2m4+ 59
48 t

11d4z2m5− 5
4 t

11d4z2m6+ 55
48 t

11d4z2m7− 11
12 t

11d4z2m8+ 7
16 t

11d4z2m9− 1
12 t

11d4z2m10− 3
64 t

11d4z3m2+ 3
16 t

11d4z3m3− 11
96 t

11d4z3m4− 11
24 t

11d4z3m5+ 167
192 t

11d4z3m6− 13
24 t

11d4z3m7+ 1
12 t

11d4z3m8+ 1
48 t

11d4z3m9− 15
64 t

11d4z4m3+ 9
8 t

11d4z4m4− 69
32 t

11d4z4m5+ 33
16 t

11d4z4m6− 63
64 t

11d4z4m7+ 3
16 t

11d4z4m8+ 3
64 t

11d4z5m2− 15
64 t

11d4z5m3+ 15
32 t

11d4z5m4− 15
32 t

11d4z5m5+ 15
64 t

11d4z5m6− 3
64 t

11d4z5m7)
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EXAMPLE

Reconstructed expression with ∼ 100′000 non-zero coefficients

(−96z2m4+4z3m3+ 1210
3 z3m4− 664

3 z3m5− 64
3 z4m3−604z4m4+606z4m5−104z4m6+ 289

6 z5m3+ 800
3 z5m4−398z5m5+106z5m6+72z5m7− 299

6 z6m3+ 941
3 z6m4− 836

3 z6m5+132z6m6− 194
3 z6m7+ 152

3 z6m8− 2
3z

7m3−546z7m4+ 1073
2 z7m5− 580

3 z7m6−22z7m7+32z7m8+ 181
3 z8m3+ 1087

3 z8m4− 735
2 z8m5+ 245

3 z8m6+ 8
3z

8m7− 391
6 z9m3−101z9m4+ 287

2 z9m5− 67
3 z9m6+ 59

2 z10m3−4z10m4− 41
2 z10m5−5z11m3+5z11m4+160d1z2m4− 22

3 d1z3m3− 2015
3 d1z3m4+ 1114

3 d1z3m5+ 229
6 d1z4m3+ 3004

3 d1z4m4− 3049
3 d1z4m5+ 550

3 d1z4m6− 997
12 d1z5m3− 861

2 d1z5m4+ 1991
3 d1z5m5− 577

3 d1z5m6− 322
3 d1z5m7+ 977

12 d1z6m3− 3211
6 d1z6m4+ 951

2 d1z6m5− 662
3 d1z6m6+ 305

3 d1z6m7− 238
3 d1z6m8+ 20

3 d1z7m3+ 2722
3 d1z7m4− 10835

12 d1z7m5+ 1975
6 d1z7m6+ 89

3 d1z7m7− 152
3 d1z7m8− 313

3 d1z8m3− 3557
6 d1z8m4+ 7337

12 d1z8m5− 275
2 d1z8m6−5d1z8m7+

1307
12 d1z9m3+ 487

3 d1z9m4− 943
4 d1z9m5+38d1z9m6− 583

12 d1z10m3+ 22
3 d1z10m4+ 397

12 d1z10m5+ 49
6 d1z11m3− 49

6 d1z11m4− 314
3 d2z2m4+ 21

4 d2z3m3+ 10537
24 d2z3m4− 489

2 d2z3m5− 107
4 d2z4m3− 7819

12 d2z4m4+ 16057
24 d2z4m5− 253

2 d2z4m6+ 5405
96 d2z5m3+ 3269

12 d2z5m4− 10429
24 d2z5m5+ 1089

8 d2z5m6+ 371
6 d2z5m7− 5015

96 d2z6m3+ 17201
48 d2z6m4− 1909

6 d2z6m5+ 579
4 d2z6m6− 1501

24 d2z6m7+ 97
2 d2z6m8− 193

24 d2z7m3− 14203
24 d2z7m4+ 19085

32 d2z7m5− 1319
6 d2z7m6− 353

24 d2z7m7+ 94
3 d2z7m8+ 3397

48 d2z8m3+ 18259
48 d2z8m4− 38329

96 d2z8m5+ 4361
48 d2z8m6+ 11

3 d2z8m7− 6859
96 d2z9m3− 4903

48 d2z9m4+ 14585
96 d2z9m5− 1219

48 d2z9m6+ 3013
96 d2z10m3− 21

4 d2z10m4− 669
32 d2z10m5− 251

48 d2z11m3+ 251
48 d2z11m4+ 101

3 d3z2m4− 11
6 d3z3m3− 1129

8 d3z3m4+ 633
8 d3z3m5+ 881

96 d3z4m3+ 5005
24 d3z4m4− 433

2 d3z4m5+ 1025
24 d3z4m6− 75

4 d3z5m3− 2713
32 d3z5m4+ 3359

24 d3z5m5−
1127
24 d3z5m6− 415

24 d3z5m7+ 1585
96 d3z6m3− 5657

48 d3z6m4+ 3343
32 d3z6m5− 140

3 d3z6m6+ 227
12 d3z6m7− 349

24 d3z6m8+ 179
48 d3z7m3+ 3037

16 d3z7m4− 9293
48 d3z7m5+ 6919

96 d3z7m6+ 13
4 d3z7m7− 19

2 d3z7m8− 2261
96 d3z8m3− 5761

48 d3z8m4+ 3077
24 d3z8m5− 59

2 d3z8m6− 21
16d

3z8m7+ 553
24 d3z9m3+ 3031

96 d3z9m4− 2311
48 d3z9m5+ 267

32 d3z9m6− 319
32 d3z10m3+ 11

6 d3z10m4+ 623
96 d3z10m5+ 79

48d
3z11m3− 79

48d
3z11m4− 16

3 d4z2m4+ 5
16d

4z3m3+ 715
32 d4z3m4− 605

48 d4z3m5− 37
24d

4z4m3− 3157
96 d4z4m4+ 3311

96 d4z4m5− 113
16 d4z4m6+ 393

128d
4z5m3+ 1249

96 d4z5m4− 533
24 d4z5m5+ 253

32 d4z5m6+ 113
48 d4z5m7− 989

384d
4z6m3+ 3659

192 d4z6m4− 809
48 d4z6m5+ 237

32 d4z6m6− 271
96 d4z6m7+ 103

48 d4z6m8− 73
96d

4z7m3− 2879
96 d4z7m4+ 3959

128 d4z7m5− 1115
96 d4z7m6− 7

24d
4z7m7+ 17

12d
4z7m8+ 739

192d
4z8m3+ 3583

192 d4z8m4− 7787
384 d4z8m5+ 905

192d
4z8m6+ 11

48d
4z8m7− 1405

384 d4z9m3− 923
192d

4z9m4+ 2887
384 d4z9m5−

259
192d

4z9m6+ 599
384d

4z10m3− 5
16d

4z10m4− 127
128d

4z10m5− 49
192d

4z11m3+ 49
192d

4z11m4+ 1
3d

5z2m4− 1
48d

5z3m3− 67
48d

5z3m4+ 19
24d

5z3m5+ 13
128d

5z4m3+ 131
64 d5z4m4− 13

6 d5z4m5+ 11
24d

5z4m6− 19
96d

5z5m3− 101
128d

5z5m4+ 89
64d

5z5m5− 25
48d

5z5m6− 1
8d

5z5m7+ 61
384d

5z6m3− 233
192d

5z6m4+ 137
128d

5z6m5− 89
192d

5z6m6+ 1
6d

5z6m7− 1
8d

5z6m8+ 11
192d

5z7m3+ 359
192d

5z7m4− 187
96 d5z7m5+ 283

384d
5z7m6+ 1

192d
5z7m7− 1

12d
5z7m8− 95

384d
5z8m3− 55

48d
5z8m4+ 81

64d
5z8m5− 19

64d
5z8m6− 1

64d
5z8m7+ 11

48d
5z9m3+ 37

128d
5z9m4− 89

192d
5z9m5+ 11

128d
5z9m6− 37

384d
5z10m3+ 1

48d
5z10m4+ 23

384d
5z10m5+ 1

64d
5z11m3− 1

64d
5z11m4+96t1z1m4+110t1z2m3− 3202

3 t1z2m4+ 1088
3 t1z2m5−17t1z3m2− 3835

6 t1z3m3+ 10000
3 t1z3m4−2226t1z3m5+ 1040

3 t1z3m6+ 1793
12 t1z4m2+ 9085

6 t1z4m3− 28135
6 t1z4m4+ 6799

2 t1z4m5−790t1z4m6− 704
3 t1z4m7− 2917

6 t1z5m2− 18697
12 t1z5m3+

12473
4 t1z5m4− 3013

3 t1z5m5−657t1z5m6+694t1z5m7− 704
3 t1z5m8+ 18269

24 t1z6m2−22t1z6m3+ 1705
6 t1z6m4− 7825

6 t1z6m5+ 9287
6 t1z6m6− 2591

6 t1z6m7+ 304
3 t1z6m8− 4443

8 t1z7m2+ 9215
6 t1z7m3− 9301

3 t1z7m4+ 6511
4 t1z7m5− 1421

4 t1z7m6− 1811
6 t1z7m7+168t1z7m8+ 647

12 t1z8m2− 14639
12 t1z8m3+ 76427

24 t1z8m4− 4751
3 t1z8m5− 451

12 t1z8m6+ 451
6 t1z8m7+ 2285

12 t1z9m2+ 2087
12 t1z9m3− 10367

8 t1z9m4+ 10483
12 t1z9m5− 341

12 t1z9m6− 2911
24 t1z10m2+ 305

2 t1z10m3+ 903
8 t1z10m4− 436

3 t1z10m5+ 209
8 t1z11m2− 97

2 t1z11m3+ 189
8 t1z11m4− 5

4 t
1z12m2+ 5

4 t
1z12m3−160t1d1z1m4− 1105

6 t1d1z2m3+1777t1d1z2m4−612t1d1z2m5+ 365
12 t1d1z3m2+ 8587

8 t1d1z3m3− 11093
2 t1d1z3m4+ 11227

3 t1d1z3m5−608t1d1z3m6− 12449
48 t1d1z4m2− 20365

8 t1d1z4m3+ 187285
24 t1d1z4m4− 137281

24 t1d1z4m5+ 4237
3 t1d1z4m6+ 1028

3 t1d1z4m7+ 2491
3 t1d1z5m2+ 125855

48 t1d1z5m3−
249421

48 t1d1z5m4+ 6831
4 t1d1z5m5+ 4027

4 t1d1z5m6− 3221
3 t1d1z5m7+368t1d1z5m8− 123659

96 t1d1z6m2+ 505
24 t1d1z6m3− 3697

8 t1d1z6m4+ 26171
12 t1d1z6m5− 20619

8 t1d1z6m6+ 17179
24 t1d1z6m7−158t1d1z6m8+ 89927

96 t1d1z7m2− 30607
12 t1d1z7m3+ 41139

8 t1d1z7m4− 131167
48 t1d1z7m5+ 28951

48 t1d1z7m6+ 11401
24 t1d1z7m7−268t1d1z7m8− 1537

16 t1d1z8m2+ 97627
48 t1d1z8m3− 506341

96 t1d1z8m4+ 31775
12 t1d1z8m5+ 3061

48 t1d1z8m6− 1091
8 t1d1z8m7− 5019

16 t1d1z9m2− 4837
16 t1d1z9m3+ 68565

32 t1d1z9m4− 69643
48 t1d1z9m5+ 909

16 t1d1z9m6+ 19361
96 t1d1z10m2− 5863

24 t1d1z10m3− 18163
96 t1d1z10m4+ 710

3 t1d1z10m5− 4253
96 t1d1z11m2+ 1897

24 t1d1z11m3− 1187
32 t1d1z11m4+ 113

48 t1d1z12m2− 113
48 t1d1z12m3+ 314

3 t1d2z1m4+ 727
6 t1d2z2m3− 27869

24 t1d2z2m4+ 1216
3 t1d2z2m5− 171

8 t1d2z3m2− 34033
48 t1d2z3m3+ 28983

8 t1d2z3m4− 59263
24 t1d2z3m5+ 1253

3 t1d2z3m6+ 8503
48 t1d2z4m2+

80857
48 t1d2z4m3− 244865

48 t1d2z4m4+ 15113
4 t1d2z4m5− 23677

24 t1d2z4m6−192t1d2z4m7− 53593
96 t1d2z5m2− 166841

96 t1d2z5m3+ 327227
96 t1d2z5m4− 4577

4 t1d2z5m5− 4805
8 t1d2z5m6+ 5183

8 t1d2z5m7− 676
3 t1d2z5m8+ 164789

192 t1d2z6m2− 41
32 t

1d2z6m3+ 13727
48 t1d2z6m4− 45587

32 t1d2z6m5+ 26925
16 t1d2z6m6− 5597

12 t1d2z6m7+ 289
3 t1d2z6m8− 119549

192 t1d2z7m2+ 159887
96 t1d2z7m3− 107071

32 t1d2z7m4+ 172607
96 t1d2z7m5− 19207

48 t1d2z7m6− 4675
16 t1d2z7m7+ 1003

6 t1d2z7m8+ 1637
24 t1d2z8m2− 5341

4 t1d2z8m3+ 219565
64 t1d2z8m4− 83437

48 t1d2z8m5− 1365
32 t1d2z8m6+ 4649

48 t1d2z8m7+ 9725
48 t1d2z9m2+ 3335

16 t1d2z9m3− 267295
192 t1d2z9m4+ 15137

16 t1d2z9m5− 4175
96 t1d2z9m6− 25307

192 t1d2z10m2+ 7327
48 t1d2z10m3+ 24037

192 t1d2z10m4− 7259
48 t1d2z10m5+ 5683

192 t1d2z11m2− 2425
48 t1d2z11m3+ 4351

192 t1d2z11m4− 167
96 t1d2z12m2+ 167

96 t1d2z12m3− 101
3 t1d3z1m4− 157

4 t1d3z2m3+ 2985
8 t1d3z2m4−

1583
12 t1d3z2m5+ 59

8 t1d3z3m2+ 7387
32 t1d3z3m3− 55865

48 t1d3z3m4+ 3203
4 t1d3z3m5− 281

2 t1d3z3m6− 3813
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EXAMPLE

Reconstructed expression with ∼ 100′000 non-zero coefficients

I Worst coefficient for this topology had ∼ 30′000′000 non zero

coefficients

I Because of the shift this number translate in a higher number

of numerical coefficients that need to be reconstructed

tn → (t − t0)
n

I Possible to reconstruct all the coefficients within a week!
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ROAD TO COMPUTATION II

Computing the analytic result for the analytic rapidity distribution

is a hard challenge!
dσ̂ij→H+X

dY
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ROAD TO COMPUTATION II

Computing the analytic result for the analytic rapidity distribution

is a hard challenge!
dσ̂ij→H+X

dY

I Perform expansion around the production threshold. Already

a success for the inclusive N3LO

z̄ = 1− z = 1−
m2

H

s
∼ 0

I Expand to sufficiently higher orders

Divide and Conquer
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PARTON LUMINOSITY

L(z) =

∫ 1

τ
z

dx

x
fi(x)fj

( τ

z x

)
.
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√
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∼ 98%

I The probability of

producing the Higgs

boson as a function of the

partonic center of mass is

reduced as the energy

moves away from the

threshold
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THRESHOLD EXPANSION
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CROSS SECTION EXPANSION
Consider the case where there are only real corrections,

RRR+ RRR:

I(p1,p2, k) =

p1

ph

p2p1

p2

ph

=

∫
dΦ3

1

p223p
2
25p

2
34p

2
45p

2
134p

2
145

,

Where pi1...in = pi1 + · · ·+ pin and k = p345.

I Threshold limit correspond to the limit where all radiation

produced in association with the Higgs is uniformly soft

p3,4,5 → z̄ p2,3,4, dΦ3 → z̄2d−6dΦ3
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CROSS SECTION EXPANSION

Consider the case where there are only real corrections,

RRR+ RRR:

I(p1,p2, k) = z̄2d−14
[
I(0) + z̄ I(1) + . . .

]
Where pi1...in = pi1 + · · ·+ pin and k = p345.

I Threshold limit correspond to the limit where all radiation

produced in association with the Higgs is uniformly soft

p3,4,5 → z̄ p2,3,4, dΦ3 → z̄2d−6dΦ3
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LOOP MOMENUTM

The loop momentum can take arbitrarily small and large values

compared to the parameter z̄. We need to split the expansion into

different sectors!

p1
4

ph

3

2

1

p2z̄ p3

A1 = l2, A2 = (l− z̄ p3)
2, A4 = (l−p1)2

A3 = (l − z̄ p3 + p2)
2

Naive expansion only converges for large values of the loop

momentum (Hard sector):

1

(l − z̄ 2 l · p3)2
=

1

l2

∞∑
n=0

(
z̄ 2 l · p3

l2

)n
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LOOP MOMENUTM

The loop momentum can take arbitrarily small and large values

compared to the parameter z̄. We need to split the expansion into

different sectors!

p1
4

ph

3

2

1

p2z̄ p3

A1 = l2, A2 = (l− z̄ p3)
2, A4 = (l−p1)2

A3 = (l − z̄ p3 + p2)
2

C1: l
2
1 ∼ z̄ l1 · p1 ∼ 1 l1 · p2 ∼ z̄

C2: l
2
2 ∼ z̄ l2 · p1 ∼ z̄ l2 · p2 ∼ 1

S: l1 ∼ z̄
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THRESHOLD EXPANSION

In dimensional regularization the expression for the partonic cross

section takes the form,

η
(3)
ij (x1, x2) = η

(3)
ij δ(1− x1)δ(1− x2)

+

3∑
n,m=1

(1− x1)
−1−mε (1− x2)

−1−nε η
(3,m,n)
ij (x1, x2),
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THRESHOLD EXPANSION

In dimensional regularization the expression for the partonic cross

section takes the form,

η
(3)
ij (x1, x2) = η

(3)
ij δ(1− x1)δ(1− x2)

+

3∑
n,m=1

(1− x1)
−1−mε (1− x2)

−1−nε η
(3,m,n)
ij (x1, x2),

I Different sectors of the loop momentum give rise to different

m ,n exponent

I m = 1 or n = 1 are known exactly! ← Genuine two loop

contributions
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THRESHOLD EXPANSION

In dimensional regularization the expression for the partonic cross

section takes the form,

η
(3)
ij (x1, x2) = η

(3)
ij δ(1− x1)δ(1− x2)

+

3∑
n,m=1

(1− x1)
−1−mε (1− x2)

−1−nε︸ ︷︷ ︸
Distributions

η
(3,m,n)
ij (x1, x2)︸ ︷︷ ︸
Holomorphic

,

I Different sectors of the loop momentum give rise to different

m ,n exponent

I m = 1 or n = 1 are known exactly! ← Genuine two loop

contributions
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DISTRIBUTION

We can extract the divergence by means of the dimensional

regulator ε obtaining a combination of distribution, in particular

δ-functions and plus-distributions:∫ 1

0
dx(1−x)−1+aεf(x) =

∫ 1

0
dx

f(x)− f(1)

(1− x)1−aε
+

∫ 1

0
dx

f(1)

(1− x)1−aε

=

∫ 1

0
dx

[
δ(1− x)

a ε
+

∞∑
n=0

(a ε)n

n!

[
logn(1− x)

1− x

]
+

]
f(x)

With f(x) some test function.
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REACHING BEYOND THRESHOLD EXPANSION

Obtain finite expressions with a suitable mass factorization and

ultraviolet renormalization counter term CT
(3)
n :

η
(3)
ij (x1, x2) = lim

ε→0

[
η
(3)
ij,bare(x1, x2) + CT

(3)
ij (x1, x2)

]
I Use the fact that poles in the dimensional regulator ε cancel

to impose further constraints on the PCF

I Fix most of the logarithmically enhanced terms

I Smaller set of expressions that need threshold expansion
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MATCH TO THE INCLUSIVE

Integrate over the rapidity to recover the inclusive x-section,

η
(3),incl.
ij (z) =

∫
dYη

(3)
ij (x1, x2).

I Strong check on the differential partonic cross section

I Agreement between the two threshold expansions for all

computed orders!
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MATCHING THE INCLUSIVE

I We have 6 terms in the threshold expansion!

I Impose conditions to the missing orders in z̄ such that it

matches the inclusive at all orders!

η
(3),matched

ij (x1, x2) = η
(3),app.
ij (x1, x2) +

x1 + x2

2(1− x1x2)

×
[
η
(3),inc.
ij (x1x2)− η

(3),inc.,app.
ij (x1x2)

]
, (1)
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MATCHING THE INCLUSIVE

I We have 6 terms in the threshold expansion!

I Impose conditions to the missing orders in z̄ such that it

matches the inclusive at all orders!

η
(3),matched

ij (x1, x2) =

Computed expansion︷ ︸︸ ︷
η
(3),app.
ij (x1, x2) +

x1 + x2

2(1− x1x2)

×
[
η
(3),inc.
ij (x1x2)− η

(3),inc.,app.
ij (x1x2)

]
︸ ︷︷ ︸

Leading term z̄5

, (1)
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THRESHOLD AT NNLO

Applying the threshold expansion to NNLO gives good

approximations:
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THRESHOLD AT NNLO
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I The approximation performs well for central rapidities |Y | < 3

I Consistent improvement by including more terms

I To access the missing information from high energy

contribution and fill the gap to the exact NNLO we need

other tools.
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THRESHOLD AT NNLO
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THRESHOLD AT N3LO
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I Consistent behaviour between NNLO and N3LO regarding

threshold expansion!

I Large rapidities show more variation
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THRESHOLD AT N3LO
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RAPIDITY
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I The N3LO correction is well

within the scale variation of

NNLO!

I Significant reduction of scale

uncertainty [-3.4%,+0.9%]

I Agreement with another

approximation

[Cieri,Chen,Gehrmann,Glover,Huss]

Flat !
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CONCLUSION

I We computed the Higgs boson rapidity distribution at N3LO

I We observe stabilisation of perturbative correction and a

significant reduction in the variation of the cross section as a

function of the perturbative scale.

I N3LO corrections are uniform throughout the entire rapidity

range.

I Our result is the cornerstone for future fully differential

prediction of the Higgs boson phenomenology.

Tha
nk y

ou!
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